Introduction
Let us recall that a submanifold Ν of a smooth manifold M is called topological if its topology is equal to that induced from M. Then a topological submanifold Ν oî M can be regarded as a geometric structure on M (see e.g. [8] ). Especially, this is of importance if M is a symplectic manifold and Ν is its Lagrangian submanifold (cf. [9] ). In this note we consider basic properties of the automorphism group of the pair (M, iV), where Ν is a topological submanifold of M. Our considerations may be viewed as a starting point to more complicated situations.
First we prove that the "geometric structure" (M,N) is completely determined by the group of its automorphisms. The proof is only sketched as it depends heavily on a previous author's paper. Second we show the perfectness theorem for Diff r (M,N). The proof follows the lines of [10] and [3] with some modifications. Although we have proven in [12, 13] that the perfectness theorems are not necessary for the determination of a geometric structure by the group of its automorphisms, they seemed to be interesting for themselves.
The determination of (M,N) by DifT(M,iV)
First let us fix the notation. (M,N) being as above, Diff T (M,N) stands for the group of all C-diffeomorphisms of M which preserve Ν (1 < r < oo). Next, DifF r (M, iV)o denotes the subgroup of all diffeomorphisms which can be joined with the identity by a smooth isotopy stabilizing outside a compact subset. Notice that due to the local contractibility of DifF r (M, N) this subgroup is the identity component in the C r -topology iff M is compact. The techniques of Filipkiewicz [4] cannot be extended to our non-transitive case. However, we may follow a simplified scheme of the proof as in [12, 13] 
In the proof we appeal to [13] . It suffices to check up nine "axioms" which are rather simple in our case.
The following fragmentation property (Axiom 1) is a consequence of the lemma 3.1 in [11] : the proof in our case is the same. We return to further axioms. Axiom 3' is a special case of Theorem 1 in [14] . It is termed there "pseudo-3-transitivity" in a more general context. Axiom 5 is just our assumption that dim(iV¿) > 0. The proof of Axiom 8 is strictly the same as that in [6] for arbitrary difFeomorphisms. Finally, we omit Axiom 4 and we state that r\ = r 2 and that the resulting (from the other axioms) homeomorphism φ is actually a diffeomorphism by using a well-known theorem of Bochner-Montgomery as in [4] . As the remaining axioms are trivial in our case, this completes the proof.
REMARK. Theorem 1 is still true for various groups of Hamiltonian diffeomorphisms of a symplectic manifold M with a Lagrangian submanifold Ν. The partition property for such groups can be proven exactly as in [15] . The pseudo-3-transitivity is visible from [14] . The rest of axioms follow from reasonings in [15] .
3. The perfectness of Diff r (M, JV) 0 In this section we formulate a perfectness theorem and we recall some preparatory facts. First, recall that a group is called perfect if it is equal to its commutator subgroup. The abelianization of a group is, by definition, the quotient of the group by its commutator subgroup. REMARK. When considering the group of all C r -diffeomorphisms on M (i.e. Ν = 0), the perfectness theorem yields the simplicity theorem in light of [2] , Clearly it is not the case here. Theorem 2 for Ν = 0 is due to R.Herman-W.Thurston for r = oo (see [3] for a different proof), and to J.N. Mather [10] for r finite, r/n + 1.
In view of Proposition 1 it suffices to prove Theorem 2 on R™, that is for the pair (R n ,R fc ). We denote by Difi r (n,k) the group Diff r (R",R fc ) 0 , and we have to show that any element of this group which is sufficiently near the identity can be written as a product of commutators. By Differì, k) we denote the subgroup of all diffeomorphisms compactly supported in U.
We adopt the following notation. For / G Diff r (n, k) we set /*,(/) = sup ||Ζ?'/(*)|| χ if 1 < s < r, and
is the s-th differential of / at χ G R", and ||.|| is the usual norm in the space of s-linear mappings on R™. Next 
These inequalities are obtained by a consecutive integration over a finite interval and by properties of moduli of continuity. For the detailed computation, see [7] , p. 21-22. 
The rolling-up operators for diffeomorphisms
Now we recall some properties of Mather's operator ^¿^ ( cf. [10, I] ). For a given constant A greater than 1 denote by D¡ t A the closed interval [-2A, 2A] n~i X [-2, 2]' C 1" for i = 0,1,..., η. Then'we have
The operator W{ t A rolls up a diffeomorphism along the χ,-axis, i = 1,..., η.
We shall make use of WÍ,A exclusively for i = 1,..., k, that is only along The domain of Wi t A is a sufficiently small C 1 -neighbourhood of the identity in Diff^.^ (n, k), and the range of ty¡ t A is a C 1 -neighbourhood of the identity in Diff^. A (n,k). The operator S^ has the following properties:
(i) It preserves the identity.
(ii) For a fixed modulus of continuity a, *Pi t A sends C r ' a -diffeomorphisms in its domain to C^-diffeomorphisms; by Proposition 3 so it does with C r -diffeomorphisms, 1 < r < oo.
(iii) When restricted to C-diffeomorphisms it is continuous with respect to the C r -topology.
a then there is r¿ G Diff°°(n, k), i = 1,..., k such that TÍ^Í,A{Í) and r¿/ are conjugate to each other in Diff r ' a (n, k). In particular, = [/] in the abelianization of this group. (v) There are constants C > 0, which is independent of A, and δ > 0 such that βτ,Οί (*Uf)) < ΟΑμτΜ) whenever / € dom(9i t A) Π Diff r ' a (n, k) and / verifies μ τ ,α{ί) < δ. (vi) There are a constant Κ > 1 (independent of r and A) and a polynomial F r , for r > 2, with no constant and linear term and with coefficients being non-negative integers such that μΛ^ΑΙ)) < ΑΚ τ μ τ (ί) + F r (Af r _i(/)) for r > 2, whenever / is in a some fixed neighbourhood of the identity (for the proof see [5] ; the polynomial of the above type are called there admissible).
Now we recall the definition of tf^ ([10,1] ). This is necessary to ensure us that Wi t A preserves Diff r (n, k) for i = 1,..., k. Fix i such that 1 < i < k. We shall write C¿ for R i_1 X S 1 X R n_ \ i.e. C¿ is the totality of n-tuples (#i,..., ..., x n ) where is a real defined mod 1. Let π : I n -»• C¿ be the canonical projection. Notice that there is the obvious action of S 1 on Ci, and denote by G i the group of equivariant diffeomorphisms with respect to this action. Now let u G Diffß. A (n, k) and ||u-id\\o < We define a diffeomorphism Γί(ιι) : Ci -• Ci in the following way. For ϋ € we choose χ G M" such that π(χ) = Ό and Xi < -2A. Next we choose an integer Ν > 0 so large that Ci -• Ci is a diffeomorphism. We set g\ = gö 1 g. Finally, putting E~ = {i G 1° : -1 < Xi < 0} and Ef = {x G R" : \ < Xi < |} we define ν = ^¿(w) as a unique diffeomorphism of (R n , R fc )
characterized by the equalities:
It is visible that Γϊ(ν) = gogi = Therefore ^(tt)/·^«)-1 = and this is a clue relation in order to obtain the property (iv) (cf.[10,1]). It is also clear from [10, I] that r¿ preserves R fc for i = 1,..., k.
Proof of Theorem 2 in case η + 1 < r < 00
Our method follows closely [10,1]. However we use Mather's operators k times only, and apply an additional operation which enables us to "remove" the support of a diffeomorphism from R fc . Suppose η + 1 < r < 00, and let / 6 Diff r (n, k). Due to Proposition 4 there is a modulus of continuity a such that / € Diff r,0i (n, k). By conjugate / if necessary we may and do assume that / is supported in D' = [-1, l] n . Without loss of generality we assume that μ τ ,α(ί) < e for some sufficiently small e.
Recall that D = [-2,2] n . We introduce
Then E is a normed space. Furthermore, C is clearly convex, and it is compact in the space of C-mappings in view of Theorem of Ascoli.
We define a C-continuous operator Φ in the following way. For g -idÇ.C we set go = ÄfgÄ-
Here A G Diff°°(n,A;) is a multiplication by the constant A in a neighbourhood of D. Then gk is an element of Diff r ¿^A(n,k). By shrinking an initial C 1 -neighbourhood if necessary, g n is a diffeomorphism. By definition supp g n C D. Observe that g k = g n > that is g k gñ 1 -id in a neighbourhood of R fc . For g -id G C we set
It is clear that g n -id G E.
Suppose now that Φ(β) C C. Then we apply a well-known Fixed Point Theorem of Schauder-Tychonoff (see [1, p. 57] ) and, due to (iii), we get $>(g -id) = g -id, that is g n = g, for some g -id G C. In view of (iv) in the abelianization of Diff r ' a (n, k) one has
By and by the definition of μ τ<α μτΑΰο) < A 1~τ μ rta (fg).
Next by (v)
Vr,a(9i) < ΟΑμ Γι α^ί-1)
for i = 1,..., k. (For the strict computation see [7] .) Furthermore, we can estimate g n by μτ,α (9η) < Κμ Γ ,α{9^
where Κ is a universal constant, and C r is a constant depending on r and Λ. This inequality is an immediate consequence of the Leibniz formula. Next, observe that, in notation of Proposition 3, Co k Λ =2. It follows from Proposition 3 the existence of a constant K r which depends on r, a and Λ but not on A such that μτ,α (gn) < Κ (9k).
By summing-up the above inequalities we obtain μν,α(9η) < I^r,a(9k) < Κ r C k A k^~r μ τ^u ) < 3eK r C k A k+1~r .
By choosing A sufficiently large in view of the assumption k < η < r -1, the required inequality follows. This completes the proof.
A remark on the remaining cases
For r = η + 1 it is not known whether Theorem 2 is true for the general case (N = 0), see [10, III] . Of course, it is neither known in our case.
For r < τι + 1 the proof follows closely [10, II] . Contrary to the case considered in Sect. 5 no essential modifications are needed. An inspection on the operators P¿ used there is necessary.
For r = oo we may follow a reasoning of Epstein [3] which is based on [10] . Our modifications as in Sect. 5 are still valid in this case but the situation is a bit more intricated. In this case we make use of the property (vi) from Sect.3.
Finally, let us note that Theorem 2 is no longer true for η = 1, k = 0. This follows from [5] . Indeed, K.Fukui computed that the abelianization of Diff°°' r (l, 0) = R r+1 . Here Diff°°' r (l, 0) denotes the group of C°°-diffeomorphisms of R which are r-tangent to the identity at 0. In particular, Diff°°(l,0) cannot be perfect.
